We use classical results in smoothing theory to extract information about the rational homotopy groups of the space of negatively curved metrics on a high dimensional manifold. It is also shown that smooth M -bundles over spheres equipped with fiberwise negatively curved metrics, represent elements of finite order in the homotopy groups π i BDiff(M ) of the classifying space for smooth M -bundles, provided i << dim M .
Introduction
Let M be a closed smooth manifold. A negatively curved bundle with fiber M is a smooth M -bundle E → B whose fibers are endowed with continuously varying Riemannian metrics of everywhere negative sectional curvature. This notion has been established in [FO10b] , where a theory for negatively curved fiber bundles is developed, in the sense that there is a space T <0 (M ) with the property that equivalence classes of fiber-homotopically trivial negatively curved bundles over a paracompact space B are in bijective correspondence with homotopy classes of maps B → T <0 (M ). Here two negatively curved M -bundles E 1 → B and E 2 → B are equivalent if there exists a negatively curved M -bundle E over B × [0, 1] such that E restricted to B × {i} is fiberwise isometric to E i , i = 1, 2 (see [FO10b, p.1399] ). From a purely topological point of view, fiber homotopically trivial smooth bundles over B with fiber a negatively curved manifold M are classified, up to bundle equivalence, by homotopy classes of maps B → BDiff 0 (M ), where Diff 0 (M ) is the group of all diffeomorphisms of M which are homotopic to the identity on M . Thus there is a natural "forgetful" map
One then wonders how much these two bundle theories differ, and this is the theme of this paper. This question has been addressed already by Farrell and Ontaneda in [FO09, FO10a, FO10b] . A remarkable observation is that the homotopy fiber of the forgetful map F can be identified with the space MET <0 (M ) of all negatively curved metrics on M , so that we have a homotopy fibration
Farrell and Ontaneda [FO10a] have shown that the space of negatively curved metrics on M is highly non-connected if the dimension of M is sufficiently large, thus the two bundle theories are fundamentally different. This difference was captured in their main theorem by elements of finite order in the homotopy groups of MET <0 (M ). Nevertheless, one could still hope that the two theories were "rationally equivalent" (similar to what happens in the theory of stable vector bundles and stable topological R n -bundles. Indeed, BO and BTop are only rationally equivalent). Our main result establishes that these two bundle theories are inequivalent even if one decides to neglect torsion, at least in a range of dimensions called the Igusa stable range. This is done by showing that the rational homotopy groups of MET <0 (M ) are in general nontrivial. Let us now assume that M is a closed manifold that supports a Riemannian metric g without conjugate points, that is for any geodesic γ of M no two points are conjugate along γ (e.g. nonpositively curved metrics, or metrics with geodesic flow of Anosov type) and let MET N C (M ) be the space of all such Riemannian metrics on M . Then given any selfdiffeomorphism f : M → M of M , we define the push-forward metric g ′ on M to be the unique Riemannian metric such that f : (M, g) → (M, g ′ ) is an isometry. We denote the push-forward metric by f * g. This gives rise to an orbit map Φ g : Diff 0 (M ) → MET N C (M ), defined by Φ g (f ) = f * g, and the corresponding map in homotopy groups
Theorem 1. Let (M, g) be a closed Riemannian n-manifold without conjugate points. Assume that the fundamental group of M is hyperbolic. Then for all 1 < i < min{
is injective.
For the definition of a hyperbolic group we refer the reader to [BH99] or [Gro87] . Note that Theorem 1 does give elements of infinite order in π i MET N C (M ) in view of the following result of Farrell and Hsiang. First recall that a closed manifold M satisfies the strong Borel conjecture if for all k ≥ 0, every self-homotopy equivalence of pairs
which is a homeomorphism when restricted to the boundary M × S k−1 is homotopic (relative to the boundary) to a homeomorphism.
Theorem ). Let M be a closed aspherical smooth n-manifold that satisfies the strong Borel conjecture. Then if 0 < i < min{
Some important classes of manifolds that satisfy the strong Borel conjecture which are relevant to the subject of this paper are: closed negatively curved manifolds [FJ89] or more generally closed nonpositively curved manifolds [FJ93] . Also closed aspherical manifolds with hyperbolic fundamental group [BLR08] , [BL12] . For all those, the calculation (2) holds.
In the case of a negatively curved Riemannian manifold (M, g) the orbit map Φ g factors through the inclusion
and since the fundamental group of M is hyperbolic, we have:
) be a closed negatively curved Riemannian n-manifold. Then for all 1 < i < min{
Remark 1. Similar corollaries can be obtained in the same way for various spaces of Riemannian metrics. Some notorious examples are: the space MET ≤0 (M ) of nonpositively curved Riemannian metrics on a closed negatively curved manifold M (considered already in [FO15] ), and the space MET A (M ) of Riemannian metrics with geodesic flow of Anosov type (see [Kli74] for the non-conjugate points condition and [Rug03, Rug94] for hyperbolicity of the fundamental group).
Corollary 1 together with the long exact sequence in homotopy groups for the fibration (1) imply that, in the Igusa stable range, every negatively curved bundle over an (i + 1)-sphere has finite order (viewed as an element in π i+1 BDiff 0 (M )). More precisely:
Corollary 2. Let (M, g) be a closed negatively curved Riemannian n-manifold. Then for all 1 < i < min{
Equivalently, the forgetful map
Comments on other related work 1. As mentioned before Farrell and Ontaneda [FO10a] obtain torsion elements in the homotopy groups of the space of negatively curved Riemannian metrics. Their method would never give infinite order elements because it depends strongly on the existence of non-trivial elements in the homotopy groups of the space of stable topological pseudoisotopies of the circle. But, in Igusa's stable range, those are torsion groups [Wal78] .
2. Farrell and Ontaneda [FO09] find non-trivial elements of finite order in π i T <0 (M ), when i << dim M , and M is a real hyperbolic manifold. But again their method fails to give information about infinite order elements in these homotopy groups. The reason here is that their construction relies on finding nonzero elements in
is the group of diffeomorphisms of a closed disc D n which are the identity on the boundary. But in the Igusa stability range, this map is rationally trivial [FH78] . Nonetheless elements of infinite order in π i T <0 (M ) can be obtained if we look outside Igusa's range. We elaborate on this in [BFJ17] .
Our main tool to prove Theorem 1 is Morlet comparison theorem, which we recall in Section 2. In Section 3 we reduce Theorem 1 to two lemmas: one of pure topological nature (proved in Section 4), and one that incorporates the geometry of (M, g) (proved in the last section). 
Background and notation
Throughout this paper, Top(X) denotes the group of homeomorphisms of a topological space X, endowed with the compact open topology. If X is a closed smooth manifold then Diff(X) denotes the group of smooth diffeomorphisms of X with the smooth topology. We denote by Top 0 (X) (resp. Diff 0 (X)) the subgroup of Top(X) (resp. Diff(X)) consisting of all those homeomorphisms (resp. diffeomorphisms) of X which are homotopic to the identity map. Also, Top(n) will denote the group of homeomorphisms of R n with the compact open topology. We keep the customary notation O(n) for the group of orthogonal (w.r.t. Euclidean metric) transformations of R n with its usual topology.
Morlet's comparison theorem
Let M be a closed smooth n-dimensional manifold. Let TOP(M ) and DIFF(M ) denote the singular and smooth singular complex of Top(M ) and Diff(M ) respectively. These are simplicial sets whose geometric realizations are weakly homotopy equivalent to Top(M ) and One advantage of working in this setting is that the simplicial group DIFF 0 (M ) acts freely on TOP 0 (M ) and so the quotient
is naturally a simplicial set, in fact a Kan complex. Furthermore there is a Kan fibration
which gives rise to the following long exact sequence of homotopy groups
where we denote by Top 0 (M ) Diff 0 (M ) the geometric realization of
. The tangent bundle of M , regarded as a Euclidean vector bundle, has an associated (right) principal O(n)-bundle P M → M . Note that O(n) acts on the left on the coset space Top(n) O(n) . Thus we can form the balanced product
which is a fiber bundle over M with fiber Top(n) O(n) .
Another convenient way to see B n (M ) is as the orbit space of the action of O(n) on the Top(n)-principal bundle P t M associated to the tangent bundle of M , i.e. B n (M ) = P t M/O(n). Here we think of P t M as the bundle whose fiber over x ∈ M is the space of all homeomorphisms from R n to the tangent space of M at x.
Smoothing theory teaches us that isotopy classes of smoothings of M (viewed as a topological manifold) are in one-to-one correspondence with homotopy classes of sections of B n (M ) (see [KS77] , [BL74] Remark 2. There is a version of Morlet's theorem for smooth compact manifolds with boundary (see [BL74] ). In particular it follows that there is a weak homotopy equivalence
Morlet's theorem is established by Burghelea and Lashof in [BL74] in several steps: first, simplicial sets R t (M ) and R d (M ) of topological and linear representations of the δ :
Furthermore there is a map S : 
where the first map is a homotopy inverse to the natural forget map
, and S is given as follows: for every topological representation F : 
Composing the representation F with a element of R o (M ) leaves the equivalence class of s F unchanged. This defines the map S.
One of the main theorems of Burghelea and Lashof in [BL74, Proposition 4.3, Proposition 1.4] is that the maps
where σ is the natural inclusion, induce isomorphisms on π i , for all i > 0. By taking geometric realization and homotopy groups we obtain a map
which is a group isomorphism for all i ≥ 0. We will denote this isomorphism by µ * and refer to it as Morlet isomorphism.
Outline of the proof of Theorem 1
Let D n denote a closed unit disc in R n centered at the the origin and let intD n be its interior. Observe that the balanced product
is a fiber bundle over M with fiber Top(D n ) O(n) which has a preferred section, namely the obvious map s 1 :
Lemma 1. Let M be a closed smooth n-dimensional manifold with n odd. Then for all 0 < i ≤ min{
Throughout we fix a homeomorphism ϕ : int D n → R n defined by
Conjugation by ϕ defines a continuous injective map int
Clearly this map is equivariant with respect to the (right) action of O(n) and hence it induces a map between orbit spaces that we keep denoting by int ϕ : 
Proof of Theorem 1 assuming Lemma 1 and Lemma 2. If n is even the orbit map is obviously rationally injective by (2). If n is odd then Lemma 1 and Lemma 2 imply that ker (Φ
But it is known (see e.g. [Far02] , [FJ93] ) that π i Top 0 (M ) ⊗ Q = 0 provided M is aspherical and satisfies the strong Borel conjecture and 1 < i < min{ n−7 2 , n−4 3 }. That manifolds with hyperbolic fundamental group satisfy the strong Borel conjecture follows from [BLR08] and [BL12] . Hence d * ⊗ id Q is an isomorphism in that range. Therefore the orbit map Φ
The rest of the paper is devoted to the proof of Lemma 1 and Lemma 2.
Proof of Lemma 1
The rationalization of a nilpotent space X will be denoted by X (0) . A map f : X → Y between nilpotent spaces is rationally k-connected if the induced map f (0) :
between their rationalizations is k-connected.
We have the following general fact (compare [BL77, Lemma 3.10]).
Lemma 3. Let E i → B, i = 1, 2 be two fibrations over a finite CW-complex B whose fibers F i , i = 1, 2, over a point * ∈ B are simply connected spaces. Let β : E 1 → E 2 be a continuous map over the identity on B such that the restriction β :
Proof. Assume first that the fibers F i , i = 1, 2 have the homotopy type of a CW-complex. Fiberwise rationalize the two fibrations (see [BK72, p.40] or [Lle85] ) to obtain another pair of fibrations F i(0) → E i → B over B and a fiber preserving map E 1 → E 2 . Since the restriction β (0) : F 1(0) → F 2(0) of this map is assumed to be k-connected, we have that the induced map Γ(E 1 ) → Γ(E 2 ) between spaces of sections is (k − dim B)-connected ([BL77, Lemma 3.10]). The lemma now follows in this case since Γ(E i ), i = 1, 2 is nilpotent and fiberwise localization commutes with taking spaces of sections, as shown by Møller in [Ml87, Theorem 5.3]. In order to handle the case when the fibers F i may not have the homotopy type of a CW-complex, let S be the functor that assigns to a space its singular complex. We let G i → B be the pull-back of the fibration |SE i | → |SB| along a fixed homotopy inverse ϕ of the natural map ψ : |SB| → B. Then there is a commutative diagram
where the vertical maps cover the identity map on B and restrict to weakly homotopy equivalences on the fibers. Since the restriction β : F 1 → F 2 is rationally k-connected, so is the restriction of β to the fiber, and hence the induced map Γ(β) : O(n) is a closed map, ι is a closed map as well. Hence it is a homeomorphism.
Proof of Lemma 1:
, it is homotopy equivalent to Top(n−1) O(n−1) (by the Alexander trick). Thus
and [KM63] . Now, by Morlet's comparison theorem we have that for all j ≥ n − 1
But Farrell and Hsiang [FH78] showed that when n is odd The tangent disc bundle DM is the collection of all vectors in T M of length less than or equal to 1. Let intDM ⊂ DM be the subbundle of tangent vectors of length strictly less than 1.
Let R t D (M ) denote the simplicial set whose k-simplices are topological disc bundle isomorphismsf :
which commute with the projection to ∆ k and cover some homeomorphism f : 
is a homotopy equivalence, by the same argument given in [BL74, p. 12].
The map S :
) from Section 2.1 can be adapted to obtain a corresponding map
. Now fix the fiber preserving homeomorphism φ : int(DM ) → T M defined by
.
We can then form a commutative diagram
where the vertical maps are induced by restriction of a homeomorphism of D n (or DM ) to its interior and then conjugation by ϕ (or φ). Taking homotopy groups yields the following commutative diagram Fix a universal cover M of M and let Γ be its group of deck transformations. The homeomorphism ∆ i × M → ∆ i × M sending (z, x) to (z, f z (x)) lifts to a homeomorphism ∆ i × M → ∆ i × M which in turn restricts to a homeomorphism f z : M → M for each z ∈ ∆ i .
The universal cover M acquires an i-parameter family of complete Riemannian metrics g z = p * g z without conjugate points. Note that for all z ∈ ∆ i , there exists a canonical vector bundle isomorphism (over the identity) ρ gz : T M → T M such that ρ gz is a fiberwise isometry between the fixed Euclidean structure on T M (i.e. g) and the one given by the metric g z (see [MS74, p.24] ). This can be thought of as an i-simplex R ∈ R d (M ) defined by R(z, v) = (z, ρ gz (v)), for all (z, v) ∈ ∆ i × T M .
Let expg : T M → M × M be the exponential map with respect to the metricg, i.e. expg(v) = (foot(v), γ v (1)), where γ v is the unique geodesic with initial velocity v. The corresponding map mod Γ is denoted by exp Note that these maps represent germs of a topological (micro) bundle isomorphism of T M covering f z . Moreover, when z ∈ ∂∆ i , the map Υ z is a fiberwise isometry of T M (w.r.t. to the fixed Euclidean structure). Thus we obtain a class [Υ] in the relative homotopy
